Quantum metrology studies quantum strategies which enable us to outperform their classical counterparts. In this framework, the existence of perfect classical reference frames is usually assumed. However, such ideal reference frames might not always be available. The reference frames required in metrology strategies can either degrade or become misaligned during the estimation process. We investigate how the imperfectness of reference frames leads to noise which in general affects the ultimate precision limits in measurement of physical parameters. Moreover, since quantum parameter estimation can be phrased as a quantum communication protocol between two parties, our results provide deeper insight into quantum communication protocols with misaligned reference frames. Our framework allows for the study of general noise on the efficiency of such schemes.
I. INTRODUCTION
In quantum metrology quantum properties such as squeezing and entanglement are employed to improve the precision with which physical quantities can be measured [1] . Quantum metrological techniques have been very fruitful in developing new generation of quantum devices that can outperform their classical counterparts. In particular, the framework of quantum metrology is very useful for measurement of physical quantities that do not have an associated operator in quantum theory such as time, phase, temperature, acceleration, etc. The process of quantum parameter estimation consists of three stages; the preparation of the probe state of the system, feeding the prepared state into the quantum channel which encodes the parameter of interest into the state of the system and finally decoding the parameter by performing a measurement on the system after it has gone through the channel. In order to reduce the statistical error in the estimation of a physical quantity, this whole process needs to be optimised. This is achieved by optimising over both the preparation of the initial state of the system and the measurement of the final state of the system. For a given prepared state, the quantum Cramér-Rao bound provides us with the ultimate precision bound on the measurement of the physical quantities in quantum theory.
Holevo and Helstrom laid the foundations of quantum metrology by phrasing the problem in the context of a communication protocol between two parties [2, 3] . In this paradigm Alice chooses a quantum system to encode a message which she then sends to Bob. For example * Electronic address: pmxdd@nottingham.ac.uk † Electronic address: mehdi.ahmadi@nottingham.ac.uk ‡ Previously known as Fuentes-Guridi and Fuentes-Schuller.
she might choose to use either a spin-1 2 system or a quantum harmonic oscillator as carrier of her message. The message can be encoded as a phase parameter in the state of the spin-1 2 particle or in the state of the quantum harmonic oscillator. Bob then performs a measurement on the system in order to decode the message, i.e. the encoded phase parameter. The quality of this communication protocol can be improved by optimisation of both stages of the protocol, namely Alice's encoding process and Bob's decoding process. However, standard approaches to quantum communication, such as encoding qubits into polarisation degree of freedom of photons, require that all parties have knowledge of a shared reference frame. This means that in the absence of such knowledge, the involved parties need to initially establish aligned reference frames. Despite the considerable amount of progress in the development of protocols for aligning reference frames such as clock synchronisation and Cartesian frame alignment [4] , maintaining aligned reference frames is still a large obstacle in achieving such tasks. For instance when the parties are in relative motion with respect to each other, the relative orientation of their local reference frames can change in time [5] . However, quantum reference frames (QRF) enable us to circumvent this problem. Let us briefly explain what QRFs are and in what way they differ from classical reference frames (CRF).
Aharonov and Susskind in their seminal papers [6, 7] , showed that the concept of reference frame can be suitably accommodated in quantum theory. In recent years, such treatment of reference frames in quantum theory, i.e. as quantum objects has led to the formalism of "Quantum reference frames" [4, 8] . A QRF is different from its classical counterpart in two ways. First, due to its quantum nature, it has an inherent uncertainty and the measurement results are only an approximation of what would be obtained using a classical reference frame. Second, each time the QRF is used, it suffers a back-action, which causes the future measurements to be less accurate. Phase measurement of single-rail qubits relative to a QRF has been investigated in [9] , while the degradation of a directional QRF has been analysed in [9] [10] [11] . In the past few years, the "resource theory of quantum reference frames", also known as the "resource theory of asymmetry", has been developed. This resource theory provides us with a very useful framework wherein the QRFs are the "resource states" [12] [13] [14] [15] . They enable us to achieve quantum information processing tasks without first establishing a shared reference frame. In such schemes, a QRF stands in for the possibility of performing tasks in the absence of a common CRF, in the same way that entangled states allow for the possibility of performing non-local quantum operations.
In this paper, we bring to bear the powerful machinery of quantum metrology to study the ultimate precision bounds in measurement of physical parameters with respect to QRFs. First we explain the connection between the quantum mechanical treatment of reference frames and quantum parameter estimation in the presence of noise. Then we investigate how the ultimate precision in measurement of a parameter decreases due to inaccessibility of a perfect CRF. In order to do so, we analyse the decrease in quantum Fisher information as a result of not having access to a perfect reference frame for the physical quantity of interest. In particular, we provide necessary and sufficient conditions for two extreme cases that can occur in quantum parameter estimation with imperfect frames of reference. The first case is when the absence of a perfect reference frame does not affect the precision with which one can measure the parameter and the second case is when measurement of the parameter of interest is no longer possible due to not having access to a CRF. Motivated by this analysis we split the problem into two separate cases. The first case is when the noise caused by the quantum nature of the RF commutes with the channel of interest and the second case is when the channel of interest and the noise do not commute. We show how the non-commutative noise allows for the estimation of the parameter even in the absence of DFSs. Moreover, we explain the connection between noisy quantum metrology and alignment-free quantum communication. In the end, we present three examples in order to further clarify different aspects of quantum metrology with imperfect frames of reference.
The structure of this paper is as follows: In section II A we briefly review some of the mathematical tools from quantum metrology, in particular Quantum Fisher information (QFI) and symmetric logarithmic derivative (SLD). In section II B we represent the general scheme of the alignment-free communication protocols. In section III we present the general framework for quantum parameter estimation in the absence of an ideal CRF and we discuss its relation to the alignment-free communication protocols. In section III D we present three examples
Quantum parameter estimation: In order to measure an unknown parameter λ of the channel, a probe state is fed into the channel of interest. Then a measurement is performed on the final state of the system which makes it possible to extract information about the parameter of interest.
in which we explain different aspects of quantum parameter estimation in the absence of aligned CRFs. Finally in section IV we discuss the results of this paper and we mention some of our research interests in quantum parameter estimation as possible future work.
II. PRELIMINARIES
A. Quantum Cramér-Rao bound
The main goal in quantum metrology is to estimate an unknown parameter λ of a completely positive tracepreserving (CPTP) quantum channel, E λ . In order to do so, first a probe state is prepared which is then fed into the channel of interest. Finally a measurement on the final state of the probe will enable us to estimate λ, where λ is a physical quantity such as time, phase, temperature, acceleration, etc. Given a measurement strategy, the conditional probability of obtaining outcome x when the initial state is ρ λ is given by p(x|λ) = Tr(Ô x ρ λ ), where {Ô x } are elements of a complete positive-operator valued measure (POVM) corresponding to the chosen measurement strategy (see Fig.1 ). The lower bound on how precise we can estimate λ is given by the "classical Cramér-Rao bound", i.e. (∆λ
, where the classical Fisher information F (ρ λ ) is defined as
and N is the number of repeated measurements. In other words, classical Fisher informations is an operational measure which tells us how much information we can gain about the unknown parameter λ by choosing a certain measurement strategy.
Braunstein and Caves showed that optimisation over all the possible quantum measurements provides an even more stringent lower bound [16] , i.e.
where H(ρ λ ) is the Quantum Fisher information. This quantity is closely related to the Symmetric logarith-
In particular in the basis {|ψ i } in which ρ λ is diagonalised, i.e. ρ λ = i p i |ψ i ψ i |, the SLD and the QFI can be written as
with the relation
The summations above do not include the terms with p i = p j = 0. The optimal POVM which achieves the quantum Cramér-Rao bound (2), can be constructed from the eigenstates of L(ρ λ ) [17] .
Note that in this section the existence of ideal CRFs was assumed. This treatment of reference frames can lead to great deal of confusion. For instance, in [18] the role of an external phase reference frame in interferometric setups has been analysed. In this paper we analyse the decrease in quantum Fisher information as a result of not having access to a perfect reference frame for the physical quantity λ. In particular, we present necessary and sufficient conditions for two extreme cases; the case where the QFI does not decrease when a CRF is lacking and the case where the QFI vanishes due to imperfectness of the RF, i.e. one can no longer extract the parameter λ.
B. Alignment-free communication
As mentioned earlier, quantum parameter estimation can be phrased as a communication protocol between two parties. In this section we briefly review how QRFs have been employed in order to achieve alignment-free communication protocols [19] .
Consider g ∈ G to be the group element that describes the passive transformation from Alice's to Bob's reference frame. Furthermore, since Bob is completely unaware of the relation between his local RF and Alice's local RF, we can assume that the group element g is completely unknown. It follows that if Alice prepares a state ρ A relative to her local reference frame, then relative to Bob's RF this state is seen as
Therefore, lacking such a shared reference frame is equivalent to having a noisy completely positive trace-preserving map which is known as the "g-twirling map", i.e. G(ρ A ). However, despite the fact that Alice has no information about the group element g that relates her local RF to Bob's local RF, she can still encode information in the so called "Decoherence-free subsystems (DFS)" [4, [20] [21] [22] . These subsystems are resilient to the decoherence caused due to the lack of knowledge about the relative direction of the local reference frames. The efficiency of this protocol depends on the dimensionality of the largest DFS, i.e. the subsystem which possesses the largest number of degenerate eigenstates. Such communication scenarios in the absence of a shared Cartesian reference frame have been analysed before [4] . The idea is to encode logical qubits into rotationally invariant states of multiple physical qubits. In this case the number of logical qubits per number of physical qubits that can be transmitted scales as 1 − M −1 log 2 (M ), where M is the number of transmitted physical qubits. This remarkable result proves that in the limit of M → ∞ one logical qubit can be sent per one physical qubit. Therefore in this limit the efficiency of this scheme is the same as the scenario wherein the reference frames are aligned. This protocol has also been studied for the situation in which the parties do not share a common background phase reference frame [19, 23] .
III. PARAMETER ESTIMATION WITH IMPERFECT REFERENCE FRAMES
As we explained in section II A, the standard scenarios considered in quantum metrology normally presume the existence of perfect classical reference frames. In this section we investigate how the ultimate precision in measurement of a parameter decreases due to lack of access to a perfect CRF.
Let us first briefly explain the general picture of the estimation of a parameter in the absence of a perfect external RF. We consider the case where the parameter λ is encoded into the fiducial state via a unitary channel U λ . After this encoding process, we need to choose the optimal measurement in order to extract the maximum amount of information about λ. We then need a suitable
Quantum parameter estimation without perfect classical reference frames
RF with respect to which we are able to perform the chosen measurement. For instance if we wish to measure time we need a clock or if we need to measure phase we will need a phase reference frame. The absence of such reference frames can be viewed as a noisy quantum channel, i.e.
where
and U (t) = e −iĜt . Note thatĜ and t are determined by the type of RF that is lacking. For instance if we need to measure phase of a quantum harmonic oscillator then t is a phase andĜ =N , whereN is the total number operator [4] .
Assuming the spectral decompositionĜ = i G iPi , whereP i s are the projectors into subspaces with eigenvalues G i and iP i = 1, one can easily check that the state G[ρ λ ] in (7) can be written as
As depicted on figure 2 the problem of parameter estimation without a CRF can be phrased as the problem parameter estimation in the presence of noise. Note that in the special case of commutingK andĜ operators, i.e. when [K,Ĝ] = 0, this general noise reduces to the well-known "collective dephasing noise" with uniform prior probability [24] . In fact in the quantum information protocols considered in [4] and the references therein it is assumed that [K,Ĝ] = 0.
Here, we define "Quantum Fisher information loss" as
This operational measure enables us to analyse how much information is lost if instead of ideal CRFs we only have access to imperfect frames of reference. We investigate the decrease in the accuracy of measurements in both cases of commuting and non-commutingK andĜ.
A. General framework
As mentioned earlier we restrict our analysis to pure initial states of the system, i.e. ρ λ = |ψ λ ψ λ |. Using Eq. (4) for QFI, the properties of the quantum channel G (8) and the Parseval identity (for more details see appendix A), we derive Bob's QFI as
where the summation is over the indices i for which p i = ψ λ |P i |ψ λ = 0. Note that we will use this convention throughout the rest of the paper.
Differentiating ψ λ |ψ λ = 1 yields
and therefore ψ λ |∂ λ ψ λ is purely imaginary. The fact that ψ λ |∂ λ ψ is purely imaginary will be used frequently in the rest of the paper.
Note that if we trivially choose iP i ≡P 1 = 1, i.e. in the presence of a shared reference frame, we recover the result for the Quantum Fisher information of pure states
as was proved in [17] .
Using Eqs. (10) and (12), we find the expression below for the Quantum Fisher information loss as defined by (9) 
(13) This quantity is always non-negative as expected (See appendix B), it simply means that the accuracy with which one can measure λ in presence of a perfect CRF can not be less than the accuracy with which he/she can measure λ in the absence of such RFs. In the theorem below we formalise the necessary and sufficient conditions for two extreme cases; the first case is where the precision in measurement of λ remains the same both in the absence or the presence of a perfect CRF and the second case is where the measurement of λ is not possible anymore due to inaccessibility of such reference frames. Note that from this point on we drop the subscript λ.
l(ρ,Ĝ) = 0 (no loss) ⇔ There exists a complex number c such that
or equivalently
where {P i|ψ √ pi , |φ j } i,j is an orthonormal basis of the Hilbert space. Moreover, Quantum Fisher information loss can be written as
Let us add three notes to this theorem. First, after summing over all the indices i in Eq. (15) and using Eq. (11), one can easily find that c = Im
Second, without loss of generality in Eq. (15) we can restrict our analysis to the terms for which p i = ψ|P i |ψ = 0, since using Schwarz inequality it can be checked that the condition (15) holds trivially if p i = 0. Third, the set of states {|φ j } j are orthonormal states which together with the set of normalised states {P i|ψ √ pi } i make a complete set. We can always find the set of states {|φ j } j via the Gram-Schmidt process for orthonormalisation of a set of vectors. Alternatively, we can see them as eigenvectors of G(ρ) with the respective eigenvalue 0.
Using similar analysis we can find the SLD operator in (3) as
where |ψ i and |ϕ i are defined as
Now we can use this SLD operator whenever we lack a perfect CRF in order to find the POVM that can optimally distinguish between the two neighbouring states ρ λ and ρ λ+δλ , where δλ is an infinitesimal increment in the parameter λ.
So far we have analysed the problem in hand by focusing on the projectorsP i . Since these projectors are constructed from the eigenvectors of the operatorĜ, we can instead write every derived expression in terms of these eigenvectors (See appendix C).
B. Analysis of commutative and non-commutative noise due to lacking a perfect CRF
In this section we analyse QFI in terms of the hermitian operatorK which imprints the parameter λ into the fiducial state |ψ 0 andĜ which is the generator of the noisy channel. This way we split the problem into two different cases. The first case is where the encoding process in general does not commute with the noisy channel, i.e. [K,Ĝ] = 0. We call such noise non-commutative. The second is when when the noise is commutative 1 , i.e. [K,Ĝ] = 0. For commutative noise formulas usually simplify and are easier to interpret.
Using Eq. (10) we derive an alternative form for the Quantum Fisher information in the absence of a perfect RF as
where {· , ·} denotes anti-commutator. Noting thatĜ commutes withK if and only if all the projectorsP i commute withK, for the case of commutingĜ andK Eq. (21) reduces to
Now let us revisit the no-loss and maximum-loss conditions that we presented in theorem III.1. These conditions can be written in terms of projectorsP i and generatorK as
where by · ρ is the expectation value with respect to state ρ. If we assume that [K,Ĝ] = 0 and that the operatorĜ has a non-degenerate spectrum, i.e. all the projectorsP i are rank-1 projections, then in the absence of a perfect CRF all the information about λ will be lost (For details see appendix C). This is no longer the case when the two operators do not commute. This means that, even though the decoherence-free subspaces are crucial for successful encoding of parameter λ in the commuting case, such subspaces are not necessary in the non-commuting case. As we will explain in section III C, this fact stands in for the possibility of alignmentfree communication whenever the spectrum ofĜ is non-degenerate. We will present examples of these two different cases, i.e. commutative and non-commutative noise in section III D.
We can write the no-loss condition (23) in a more intuitive way as
where the covariance 1 of two observablesÂ andB is defined as Cov ρ (Â,B) =
This means that if operatorsK andĜ are correlated with respect to the pure initial state ρ, i.e. Cov ρ (Ĝ,K) = 0, then some information is lost due to the imperfectness of RF, i.e. l(ρ,Ĝ) > 0. It is worth emphasising that this condition is not sufficient. As an example consider the operatorsK = |2 2|, G = 6|0 0| + 3|1 1| + 4|2 2|, and the fiducial state
|2 . In this example the covariance betweenĜ andK is zero, nevertheless, sincê K andĜ commute and the fact that no non-degenerate subspace exists, we will not be able to extract any information about λ.
Similar to the no-loss condition in (26), using Eq. (24) the necessary condition for the extreme case of loosing all the information can be written as
This means that if for a given initial state [Ĝ,K] ρ is non-zero, there is the possibility of extracting some information about parameter λ even in the absence of a CRF.
The Quantum Fisher information of a unitary channel in the absence of any noise can be computed from Eq. (12) or alternatively by [17] 
whereK is again the generator of the unitary channel. We presented the Quantum Fisher information loss due to the quantum nature of the RF in (13), we can rewrite this equation in terms of the projectorsP i and the generatorK as
This enables us to write the Quantum Fisher information in the absence of a perfect CRF in a form which is easier to compare to the quantum information in the presence of classical frames of reference given in Eq. (28) . We present this form of QFI in the following theorem.
Theorem III.2 For a fiducial pure state |ψ 0 , a generatorK of a unitary operator U (λ) = exp(−iKλ) and projectorsP i of the g-twirling map in (8), the Quantum Fisher information of the state
From Eq. (30) we deduce that the decrease in QFI is proportional to the mean of squared covariances between the normalized 3 projectorsP i /p i and the encoding operatorK. This means that the more projectorsP i /p i are correlated with the encoding operatorK, the more precision is lost. Roughly speaking, in order to lose the minimum amount of precision one should choose an encoding operatorK which is less correlated with the decoherence caused by the noisy channel G. For an explicit example we refer the readers to the third example of section III D.
For the special case of a commutative noise, i.e. when K andĜ commute, the expression (30) can be further simplified. In this case we have Cov(
. This causes the QFI in the absence of a perfect RF to reduce to
, where H U is the QFI for the unitary channel as given in Eq. (28) . For an explicit example, we refer the readers to the first example of section III D.
C. Relation to alignment-free communication protocols
As pointed out in [4] , the problem of communication between two parties who do not share a common CRF can be mapped into the problem of communication between the parties via the noisy quantum channel in (8) , while assuming that their local reference frames are aligned. As an example consider the case where Alice and Bob do not share a Cartesian reference frame as depicted in figure 3a. Suppose Alice encodes a parameter λ in a qubit plus a quantum sample of her local Cartesian RF, i.e. a quantum Cartesian RF. Also assume that the encoding process is done via a unitary channel U (λ) = exp(−iKλ), whereK is the generator of the unitary transformation. She then transmits the qubit together with the quantum token of her local Cartesian reference frame, namely the state |ψ λ = U (λ)|ψ q ⊗ |ψ QRF , where |ψ q and |ψ QRF are the initial state of qubit and the QRF respectively.
The state of the whole system will be decohered with respect to Bob's local reference frame due to Bob's lack of knowledge about the relative rotation that relates his local RF to Alice's RF, i.e. ρ B = G[ρ]. As explained in the previous section this decoherence effect can be taken into account by analysing the efficiency of communication in the presence of noise, i.e. we can assume that Alice and Bob have access to a shared CRF but they only have access to a noisy quantum channel as their means of communication, as depicted in figure 3b . The type of noisy channel is dictated by the type of reference frame that the parties do not share. For instance, in the case of Cartesian reference frame, the generatorsĜ are the generators of the group SO(3). Motivated by the analysis of the previous section, again we split the problem into two subproblems.
The first case is the case of commutative noise, i.e. whenK andĜ commute. In this case the noisy quantum channel commutes with the unitary encoding process, i.e.
λ for every λ. While this property prevents the parties to be able to communicate with encoding the message solely in the qubit, sending a sample of Alice's local CRF together with the qubit makes the communication scheme plausible [27] . As mentioned earlier, this is due to the existence of DFSs. In fact in such cases, Alice has access to the states that remain invariant under the noisy channel G, i.e. states for which we have 1 G[|ψ λ ψ λ |] = |ψ λ ψ λ |. As an example consider the case where Alice and Bob do not share a phase reference frame. If Alice encodes λ only using a single harmonic oscillator, then the states that she can prepare are of the general form n c n |n and the operatorĜ is the number operatorN . It is easy to check that in this case these states get completely decohered from Bob's point of view. In contrast if Alice chooses two quantum harmonic oscillators as the carrier of her message and 1 This is the definition of G-invariant states. The second case is the case of non-commutative noise, i.e. when the operatorsK andĜ do not commute. This case is particularly interesting since estimation of the parameter is possible even in the absence of DFSs as explained in section III B. In the second and third example of section III D, we present two scenarios in which the absence of an ideal CRF results in non-commutative noise.
D. Examples
In the previous sections we analysed how QRFs modify our precision in measurement of physical parameters such as time, phase, direction in space, etc. We also explained how misalignment of local RFs is connected with commutative and non-commutative noise in quantum parameter estimation. We are now in place to present some explicit examples. 
Example (I): Two non-interacting quantum harmonic oscillators
The scenario that we consider in this example is as follows. Alice and Bob do not have access to synchronised clocks, i.e. they do not share a common classical RF for time. Alice prepares a state |ψ λ = U λ |ψ 0 , where U λ = e iKλ andK is the operator which imprints the parameter λ into the fiducial state |ψ 0 . Since the local clocks of the parties are not synchronised, in Bob's frame the state of the system is given by Eq. (6), where U (t) = e −iĤt andĜ ≡Ĥ is the Hamiltonian of the qubit and the QRF . The operatorsP i are the projectors into subspaces with total energy E i . We analyse the quantum Fisher information of the state ρ B = G[ρ] which tells us how precise Bob will be able to measure λ.
Let us consider the example of two non-interacting quantum harmonic oscillators with the Hamiltonian
The fiducial state is of the product form |ψ 0 = |ψ q ⊗ |ψ QRF , where |ψ q = (|0 + |1 )/ √ 2 and |0 and |1 are the eigenstates of number operator N q = a † a with eigenvalues 0 and 1 respectively. We choose the generator of the unitary channel U λ to bê K = a † a. It is worth emphasising at this point that in this example [K,Ĥ] = 0. Note that this example is similar to the quantum communication scheme between two parties when they do not have a common phase reference frame as was considered in [19] .
Using Eq. (28), it is straightforward to find the QFI in Alice's frame as H(ρ) = 1. Note that Alice's QFI is independent of the state of the QRF. On the other hand, if we consider the state |ψ QRF = N −1 n=0 c n |n , then using either Eq. (22) or Eq. (10), we find the QFI in Bob's frame as (32) The SLD provides us with the optimal observable to measure in order to minimise the statistical error in measurement of λ and saturate the quantum Cramér-Rao bound. This can be easily verified by checking that L(ρ B,U S ) satisfies the condition (5).
Let us next consider a squeezed, displaced vacuum state [29] as the state of the QRF, i.e.
where H n (x) is the Hermite polynomial, r is the squeezing parameter, α is the displacement parameter and γ = αexp(r). The mean energy of this state is equal to α 2 + sinh 2 r. We define parameter x as the fraction of initial mean energy due to displacing the vacuum, i.e. x = α 2 N . Note that with this definition, x = 0 and x = 1 represent a squeezed state and a coherent state respectively.
In particular, noticing that in the Fock basis a squeezed state is of the form |r = n c n |2n together with Eq. (6), we find that H(G[|ψ q , r r, ψ q |]) = 0, i.e. Bob won't be able to decode λ if Alice prepares the QRF in a squeezed state.
In figure 4 we have plotted Bob's QFI for the state |α, ξ in terms of x and N . As can be seen in this figure, if we fix the mean energy of the QRF, then it is optimal to have zero squeezing in the initial state of the QRF, i.e. x = 1. This corresponds to preparing the QRF in a coherent state. Using Eq. (31) we find Bob's QFI for a coherent state as
where M (a, b, z) is a Confluent hypergeometric function. We derive the asymptotic expression for the limit of large mean energy, i.e. α → ∞, as
where 0.25 ≤ C ≤ 0.250001, i.e. C In figure 5 , we compare Bob's QFI for different states chosen by Alice as a quantum sample of her local RF. This figure shows that a coherent state outperforms the uniform superposition of Fock states. This is in complete agreement with the results of [23] where it is shown that if Bob chooses the Maximum-likelihood estimation process to decode λ, then choosing a coherent state as the initial state of the QRF instead of the state |ψ U S improves the efficiency of the communication protocol.
Also we maximise the QFI in (31) numerically, which provides us with the probability amplitudes of the optimal state for fixed N , i.e. the state that maximises the QFI or minimises Bob's statistical error in measuring λ. The green square-shaped dots in figure 5 represent the QFI for the optimal state. As can be seen from the figure the coherent state is nearly optimal in this case.
Example (II): Two interacting quantum harmonic oscillators
The authors of [28] considered a system of two non-interacting harmonic oscillators. They showed that if one of the harmonic oscillators is used as a quantum clock for the other one, the resultant dynamics will be an approximation to Schrödinger dynamics. In this section we investigate the quality of such quantum clocks when the system under study and the clock interact with each other. We analyse the accuracy with which the phase of a quantum system can be measured when we don't have access to an ideal classical clock. 1 For |α| 2 = 6 we already have relative error smaller than 0.01. Let us consider the example of two interacting quantum harmonic oscillators with the total Hamiltonian
where κ is the interaction strength. Similar to the example of two non-interacting quantum harmonic oscillators, we consider the generator of the unitary channel to be the number operator, i.e.K = a † a. Note that the two operatorsK andĤ do not commute in this case,
As mentioned earlier whenever these two operators do not commute, even in the absence of degenerate subspaces of total energy, we may still be able to estimate the parameter. For simplicity we assume that frequency ω is not a fraction of the interaction strength κ, i.e. ∀P, R ∈ Z, P ω = Rκ.
This assumption ensures that the hamiltonianĤ does not possess any degenerate eigenvalues. In order to make the computations easier, we change of the basis as [30] 
This change of basis allows us to write the Hamiltonian asĤ = (ω +κ)A † A+ (ω −κ)B † B with the eigenvectors
which can be written in terms of the Fock basis as Now let us consider that the QRF is initially prepared in the uniform superposition of Fock states. Using Eq. (10), we derive the QFI of the averaged state as
and · is a floor function.
In this example sinceK andĜ do not commute, H(G[ρ]) is λ-dependent as opposed to the first example where Bob's QFI was independent of the encoded parameter λ. In figure 6 we have plotted the QFI H(G[ρ]) in terms of λ for increasing values of the mean energy in the state of the QRF. The maximum and minimum of the QFI occurs at λ = ± π 2 and λ = 0, ±π respectively. Note that even for very large N QFI does not approach the ideal case. In other words, even in the limit of very large mean energy in the initial state of the quantum clock, we can not estimate the phase parameter λ as precise as we could if we had access to a classical clock. This can be proved using necessary conditions (26) and (27) . One can easily check that Cov ρ (Ĝ,K) = ω 4 , which means that independent of N and λ, the QFI is always smaller than one, i.e.
√ N sin λ, we can deduce that independent of N for λ = −π, 0, π, the QFI is always positive.
Example (III): Direction indicator
In the first example we observed how using a QRF enables Alice and Bob to perform an alignment-free communication protocol in the presence of commutative noise, while in the second example we analysed how the absence of a perfect CRF can cause non-commutative noise which then reduces the precision with which a )|1 1| and Bob's QFI is the same as Alice's. For n = (0,
)|1 1|. Note that ρB is the projection of |ψ onto the z-axis. Also note that in the latter case Bob's QFI is λ-dependent(See figure 9) . physical parameter can be estimated. Here, we present an example in which the noise caused due to Bob's lack of knowledge about Alice's local reference frame is non-commutative. We analyse how precise Bob can extract λ if Alice does not send him a quantum sample of her local RF.
Let us start with the case where Alice wishes to both encode and decode a parameter herself. She chooses a spin-1 2 particle as the physical system to encode a parameter λ and then she encodes this parameter using a unitary channel with the generator
This is the generator of a general rotation in the Bloch sphere around the axis n = (x, y, z), where x 2 + y 2 + z 2 = 1 and x, y, z are real parameters. For simplicity we choose the fiducial state to be the eigenstate of σ z with eigenvalue 1, i.e. |ψ 0 = |0 . Using Euler's formula for Pauli matrices 1 , we can write Alice's prepared state as
Then using Eq. (28), the QFI in Alice's frame reads as
Note that for z = 1, the corresponding generator iŝ K = means that a different generator needs to be used at the preparation stage. The QFI takes its maximum value when when the parameter λ is encoded via a rotation around any vector in the xy-plane, i.e. when z = 0. Now suppose that Alice and Bob only share their zaxis, i.e. Bob is completely unaware of the relative angle t between his other two axes and Alice's, as depicted in figure 7 . In this case,Ĝ is the generator of rotations around z-axis, i.e.Ĝ = 1 2 σ z . Using Eq. (21), the QFI in Bob's frame can be written as
Again note that for z = 1, the QFI is zero in Bob's frame. This is expected, since Bob lacks some information with respect to Alice, therefore Alice's inability in extracting information about λ means that Bob will not be able to decode the message either, i.e. H(ρ B ) = 0. On the other hand, as can be seen from (45), when z = 0 the QFI is the same in Alice's frame and Bob's frame. Figure 8 depicts the two cases of n = (1, 0, 0) and n = (0,
). For the former case, the efficiency of communication is λ-independent, whereas for the latter case it is λ-dependent, as can be seen in figure 9 . In this figure, we have plotted Bob's QFI in terms of λ and z for general n = (x, y, z). We observe that as λ approaches the value π, the QFI approaches its minimum value, i.e. H(ρ B ) → 0. In other words, for the chosen encoding operatorK and the fiducial state |0 , Bob will not be able to distinguish ρ π form its neighbouring states ρ π± , where is a very small change in λ = π.
Also after some algebra and with the aid of Eq. (19), we find the SLD operator that achieves the QFI in (45) as
Again the optimal POVM can be constructed from the eigenvalues of this operator, i.e. {|0 0|, |1 1|}. This simply means that the most informative measurement for Bob is the measurement in the computational basis. In order to verify that this is in fact the case, we can either use the relation (5) or we can compute the classical Fisher information using Eq. (1) and show that it is equal to the QFI (45).
IV. DISCUSSIONS AND OUTLOOK
In quantum metrological schemes the existence of a prefect classical reference frame is often assumed. Here we have exploited the powerful mathematical tools from quantum metrology in order to analyse the modification of the ultimate precision limits due to the absence of such frames of reference. We considered the effects of commutative and non-commutative noise due to lack of a certain CRF. In doing so, we showed that the more the encoding process and the nature of the noise resemble each other, the more precision is lost. We also presented necessary and sufficient conditions for two extreme cases. The first case is when the absence of an ideal RF does not reduce the accuracy of estimation and the second case is when the estimation of the parameter with respect to QRFs is no longer possible. Moreover, by explaining the connection between noisy parameter estimation protocols and alignment-free communication schemes [4] , we shed light into different aspects of quantum communication in the absence of aligned reference frames.
Our future line of research includes incorporating other sources of noise in the alignment-free communication protocols. We are interested in the regimes where relativity starts to play a more significant role [31] . Relativistic effects such as the decoherence caused due to non-uniform motion [32] or the effects of the gravitational field of the earth [33] are the possible sources of noise that yet need to be considered. Recently in [34, 35] techniques for the optimal estimation of parameters which appear in quantum field theory in curved spacetime have been presented. This enables the estimation of parameters such as proper acceleration, proper time, relative distance, amplitude of gravitational waves [36] , as well as spacetime parameters of interest, such as the expansion rate of the Universe or the mass of a black hole. Finally, the reference frames of relativistic observers is inevitably misaligned with respect to non-relativistic observers, therefore it is crucial to consider the effect of relativistic noise on estimation of parameters of interest such as acceleration, time, phase, temperature, etc.
where |φ j span the rest of the Hilbert space which is not spanned by vectorsP i|ψ √ pi . After multiplying by ∂ λ ψ| we get the Parseval identity, i.e. Here we introduce alternative an description of Quantum Fisher information using eigenvectors of the operatorĜ. Let {|v i,j } j be a set of orthonormal eigenvectors ofĜ with respective eigenvalue G i . Then the projection operator into the eigenspace corresponding to eigenvalue G i can be written aŝ
Then we substitute this expression into (12) 
where n i denotes the dimension of the subspace corresponding to eigenvalue G i . This way we can write Eq. (C2) as
where ·| |· is a standard inner product on C ni .
Let us here also prove that whenK andĜ commute and the spectrum ofĜ is non-degenerate, then H(ρ B ) = 0, i.e. all the information about λ is lost due to the noise. This can be done either starting from (C2) or by using max-loss condition (24) . Here we choose the latter. BecauseĜ has non-degenerate spectrum, the projectorsP i are all rank-one projectors, i.e.P i = |v i v i |. not have any overlap with the state |ψ , i.e. the subset {|v j ∈ {|v i } i | v j |ψ = 0} j . This set replaces {|φ j } j in the max-loss condition (24) . Now we have v j |K|ψ = v j |v j v j |K|ψ = v j |K|v j v j |ψ = 0, (C5) which makes the proof complete. In the case that the two operatorsK andĜ commute and in the limit of large initial mean energy in the state of the QRF, the classical limit of a quantum reference frame should be recovered, i.e. H(ρ B ) → 1, as was shown in the first example for the uniform superposition of Fock states. Here we analyse this asymptotic behaviour for a coherent state as the initial state of the QRF. We expect M |α| 2 := M 1, 2 + |α| 2 , −|α| 2 = 1 2 + f |α| 2 , (D1) such that lim |α| 2 →∞ f (|α| 2 ) = 0. As figure 10 suggests, this is true for large enough mean photon number in the initial state of the coherent state. Moreover, from this figure one can see that, for the mean photon number above a certain threshold, we can find constants C 1 and C 2 such that
Re-arranging the expression above, we can find α-dependent lower and upper bounds for the function f as
Therefore the QFI in Bob's reference frame is H(ρ B ) = 2 |α|
